
���������
	�� �� � ��� � � ����������� �

� � ��!#" $�%'&)(*&,+.-0/21�354768&.9

:<;>=�?A@CBD;E?DFHG>?JIKFLIKMHNPORQ�SJTKU�VXW
:<;>=�?A@CBD;E?DFHGY@Z;>Q[MLIKMHN\ORQ]BA;8^_I_Q[M0`\;badceFZfgShV>i�=�NPQjcDMH;>@
k Q[MZFH;>MHNP;YQ7IY^[;>l,`\;badceFZfgS�VYi�=�N\QjceMH;Y@
m 3]nY1o-p4gq.3�r�6>-psb&,971�nY1o&*t
u ;*BDOR@Z@ZN\;8FClYNwvYadORNPQ[M0lYOR=x?yOKFZMH;�Sv{zEO|l>cA=�;YQ[M0?DFHNPQAl>NP?JI_`}S�VXT~?JI_�R;>@v{zEO|l>cA=�;YQ[MH@0l>OR=�?A`PGY=�;>Q[MLI_NPFH;>@,ShVE?JI_�_;
�b�X�|�e�������X�h�J�J�|�X�g�����R���<�����h�D�]�
u ;,BAOjlYcD=�;>Q[M�lYN��PadORNPQ[M�lYO_=�?�O_FZMH;.BD;>cD��MH;8�|MH;>@0BD;.@ZO_cDFHl>;>@�BDNP��G8FH;YQ[MH;>@)MZFLI_NPMLI_Q[MCBy� cDQ=��Y=�;�@ZcKa�;>M�SK`\;>@�?JIY^_I_�R;>@�BAc~?A`�I_Qy� u � cAQxBD;>@�MH;8�|MH;Y@<;Y@dM BA;bQAIKMHceFH; ?A`PcDMH¡KM}BDNPBJIKl>MHN\¢jcD;MLI_QDBANP@)¢jcD;�`£� I_ceMZFH;�;Y@dM ?A`\cD@�¤¥OKFH=�;Y`��e¦§`�;Y@dM ^[ORcD@�;>@dM�BD;>=¨I_QDBDGEBD;E¤¥I_NPFH;�cDQD;�@dfeQ[MHUD©Y@Z;BA;>@hBA;>ce�*;>Q,=�ORQ[MZFLI_Q[M<l>OR=�=�;>Q[M<lLUJIKlYcDQD;�BD;Y@�BA;>ce�E?DFHG>@Z;YQ[MLIKMHNPORQD@<l>OR=�?A`\©8MH;ª`��«I_ceMZFH;_�¬ � UDGY@ZN�MH;Yx?JI_@,®�¤�I_N�FH;�MHO_cDMH;>@E`\;>@*¯A�RceFH;>@,QDG>lY;>@Z@HI_N�FH;Y@,®�cAQD;x°�ORQDQD;�lYO_=�?DFHGYUD;>QA@ZNPORQBAc�MH;>�|MH;E=��Y=�;,@ZN�;>`\`\;>@0QD;E¯A�RceFH;YQ[M0?JI_@)BAI_QD@0`\;,BDO|l>cD=�;>QjMY�
±�²�³C´[µ�¶§·J´�¸)¹�³�¹�º »�¼ ½¿¾<²�¼�ºÀ·D»À¾hº�¹y¾[»�º »�Á ¶�²ª³ÃÂ�µ{·RÄ�¹y¾hº�µy¼�Å0µÇÆ
v u N\@Z;>,`\;*BAO_@Z@ZN\;8FC;>Q7;YQ[MHNP;>F0;>Q]cAQ�MH;Y=�?A@�FLI_N\@ZORQDQAIK°A`\;_�v{È0GY@Z;8FZ^[;>,BDc]MH;>=�?A@)?�ORceF)?AFHG8?JIKFH;8F0`£� ;8�|?�OR@ZG*BD;>^_I_Q[M0`\;badceFZfR�vÊÉ�O_cA@C?�ORce^[;>.GYl8FHNPFH;.@ZceFE`\;,?AFHG>@Z;>QjM�BDOR@Z@ZN\;8FYË�`P;~@ZceFH`\NP�RQD;>FYË�`\;.BDGYl>ORce?�;>F�=¨I_NP@CMHORceM@Z;8FLI¨®xFH;>=�;8MZMZFH;.IKc�a�ceFZf�;YQ�¯AQ7By� OKFLI_`£�v k Q�¯AQ7BD;E?DFHG>?JIKFLIÌMHN\ORQyËDFLIK@Z@Z;Y=.°A`P;Y,;8M0OKFHBAO_QAQD;>,@ZO_N\�RQD;>cA@Z;>=�;>Q[MEÍ�Î<ÏhÐE`\;>@)BDO|lYce�=�;>Q[MH@EÑ¥MZFLI_QD@d?JIKFH;>Q[MH@>Ëj;>MHl_��Ò�BDORQ[M ^RORcD@�lYO_=�?DMH;Y)^[ORcD@�@Z;>FZ^|NPF�?�;>QABAI_Q[M `�� O_FLIK`£Ë|I_NPQA@ZN¢jcD;�`P;�BDOR@Z@ZNP;>FYËX`\;>@hMZFLIKQA@d?JIKFH;>Q[MH@<;8M<`P;Y@�°DFHORcDN\`\`PORQD@<ceMHN\`\NP@ZGY@�?�;YQDBAI_Q[M<`�I�?DFHG>?JIKFLIKMHNPORQy�v k Q];>QjMZFLIKQjM)BAI_QD@)`�Ix@HI_`P`\;*By� OKFLI_`£Ëe^[ORcD@)BD;>^[;>E�>MZFH;�?DFH�8MH@0®xBDG>°AceMH;8F)^[OKMZFH;*;8�|?�OR@ZG_�Ó `�I]¯JQÔBD;¨`£� OKFLI_`£Ëh^[ORcD@~BD;8^[;Y�FH;Y=�;>MZMZFH;ÕI_c]adceFZf�`P;¨?DFHGY@Z;>Q[MxBDOR@Z@ZN\;8FYË�`\;>@,MZFLI_QD@d�?JIKFH;>QjMH@0;8M0`\;>@)°DFHORcDN\`P`\ORQD@0ceMHN\`PN\@ZG>@0?�ORceF0lY;8MZMH;E?JIKFZMHN\;,BD;*`£� O_FLI_`£ËJI_N\QD@ZNh¢jcD;*MHORcD@0`P;Y@MZFLI_QD@d?JIKFH;>QjMH@0;8MCIKcDMZFH;>@0BDO|l>cD=�;>QjMH@�?DFHGY@Z;>Q[MHGY@�?y;>QDBAI_Q[M)^[O_MZFH;E?AFH;>@dMLIKMHNPORQy�



� � -��¨t�-��

���	� 
�������������������������� �"!$#
% ce?D?�OR@ZORQD@�¢jcD;�`�� ORQ¨^[;YcDNP`\`\;0FH;>lYORce^|FHN�Fb`\;0?A`�I_QoBD;�lYIKFZFH;YI_ce�ÕIYfjI_Q[M MHORcD@ `�I.=��Y=�;MLI_N\`P`\;0;>M�`\I,=��>=�;0¤¥O_FH=�;.S[l>;Y`P`\;0By� cDQ�?�OR`Pfe�_ORQD;0FHG>�RcD`\NP;>F�BA;

n
l>¡_MHGY@>Ë[`\;>@ I_@Z@Z;>=.°A`�IK�R;Y@BA;8^|FHORQ[M<�>MZFH;}N\BD;>QjMHN\¢jcD;Y@h;>Q,l UAIR¢jcD;ªl>ORN\Q,BA;ªlLUAIR¢jcD;ªlXIKFZFH;YI_cy�X¦§`_f,I)cDQ.I_@Z@Z;Y=,°J`\I_�R;�BD;

p
?�OR`�fe�RORQD;>@0®~l UAIR¢[cA;El>ORN\Qy�'& UAIR¢jcD;ElYIKFZFH;XIKc�;Y@dM)cDQo?yO_`Pfe�RO_QA;EBD;

n
l>¡_MHG>@>� u �«I_QD�R`P;BA;EBD;>cD�Õl>¡_MHG>@blYORQD@ZG>lYceMHNP¤¥@ ^RIKcDM

π(n− 2)/n.
% � NP`�foI

p
?�OR`Pf|�RORQD;Y@�I_@Z@Z;>=.°A`\G>@�;YQ�cDQlYORNPQyËJO_Q7BDORNPM0BDORQDl,IY^[ORN�F.S

pπ
n − 2

n
= 2π

@ZO_NPM 1

p
+

1

n
=

1

2
.

u ;>@0QDOR=.°DFH;>@
p
;>M

n
^RI_`P;YQ[MCI_c]=�O_N\QD@

3
�v)( ORceF

p = 3, n
^_I_ceM)BAO_QAl

6v{;8M)?�ORceF
n = 3, p

^_I_ceM
6.* k QD@ZcAN�MH;RË|`PO_FH@H¢jcD;

p
;>M

n
BAG8?JI_@Z@Z;>QjM

4,
`�I*FH;Y`\IKMHN\ORQ¨QD;C?�;>cDM�?A`\cD@b�8MZFH;)^[G8FHNP¯AGY;0?JIKFbBD;Y@QAO_=.°DFH;Y@);YQ[MHN\;8FH@>ËDlYIKF

1/p + 1/n
;>@dM�?A`\cD@�?�;>MHN�M0¢[cA;

1/2.
¦§`�Qy� ;8�eN\@dMH;EBAO_QAl*¢jcD;EMZFHO_N\@?�I>^RI_�_;Y@�^[G>FHN�¯JI_Q[MC`\;>@)l>ORQDBAN�MHN\ORQD@)N\=�?�OR@ZG>;Y@,Sv{`\;>@)lYIKFZFHGY@.Ñ

p = 4
;8M

n = 4
Òv{`\;>@�MZFHN�IKQA�_`\;>@0GY¢jcDN\`�IÌMHG>FLI_ce� Ñ
p = 6

;8M
n = 3

Ò+-, v{`\;>@)UD;>�eI_�RORQD;>@)FHG>�RcD`\N\;8FH@~Ñ
p = 3

;8M
n = 6

Ò
���/. 
����������������0�$1�#�1�23��465

u ;>@xBD;Y@Z@ZNPQA@�I_ce�D¢[cA;>`\@xQDORcD@�QDORcD@�NPQjMHG8FH;>@Z@ZORQD@>Ë}@ZORcD@�`\;oQAO_=�BD;Õ?�I>^RI_�_;Y@>Ë BAI_QD@`�IÕ@ZcDNPMH;_Ë�@ZO_QjMElYIKFLI_l8MHG8FHN\@ZG>@C?�IÌFE`�I�?DFHO_?DFHN\G8MHGx@ZcDNP^_I_Q[MH;ÕS�N\`�;8�eNP@dMH;~BD;Yce�]MZFLI_QD@Z`�IKMHNPORQD@N\QDBDG>?�;>QABAI_Q[MH;>@�¢jcDNAl>ORQD@Z;8FZ^[;>FLIKN\;>QjM�`P;)BA;>@Z@ZN\Q�@ZNAl>;Y`PcDNP� l>NAG8MLI_N�MªN\QDBDG>¯AQDN\=�;>Q[M�?DFHOR`\O_QA�_G+ * BJIKQA@E`P;~?J`\I_Q MHORceME;>Q[MHN\;8FY�7& ;>@EBD;>ce�7MZFLI_QD@Z`�IKMHNPORQD@EBAG8¯AQDN\@Z@Z;>QjM*cDQ ?JIKFLI_`P`\G>`\OR�KFLI_=�=�;BA;C°JI_@Z;R�8( ORceF�lLUJIKlYcDQ�By� ;>ce��Ëj^[ORcD@b?�ORceFZFHN\;>�BD;Y@Z@ZNPQA;8F)@ZceF)cDQÕMZFLI_QD@d?�IÌFH;YQ[M�`�I.MZFLI_=�;BA;>@~N\@ZOR=�G8MZFHN\;>@�Ñ¥^[ORNPF Ó QAQD;8�e;ÌÒ*¢jcDN�`\;ÕlYO_QA@Z;8FZ^[;>Q[MY� u ;¨FHG>@ZcA`�MLIKM~;Y@dM~`\;Õ@ZcDNP^_I_Q[M�S<;YQ=�;>MZMLIKQjM~BAI_QD@~cAQD;Õ=��>=�;¨°�O:9\MH;¨`\;>@.MZFLI_QD@d?JIKFH;YQ[Mx@ZceFx`P;Y@H¢[cA;>`\@,¯J�_cDFH;>Q[Mx`\;>@~=��>=�;>@N\@ZOR=�G8MZFHN\;>@>ËAO_Q7Qy� Ix°�;>@ZORN\Q7¢jcD;*BD;�V<;.°�O:9PMH;Y@b?�ORceF0`\;>@�FLIKQA�_;>F�MHORcD@>� u ;Y@)¢jcD;>@dMHN\ORQD@0®=>, ?yO_@Z;>F0@ZORQ[MC`\;>@0@ZcDN�^RI_Q[MH;>@,Sv{`\;*BD;Y@Z@ZNPQ7;>@dMZ� N\`�N\BD;>QjMHN\¢jcD;.®�@ZORQ7NP=¨I_�R;*BAI_QD@0cAQ]=�N�FHORNPF@?v % N0ORcDN£Ë ¢jcD;Y`0;>@dMo`\; QDOR=.°DFH; BD; BDNPFH;>l>MHNPORQD@ÕBA;>@oIK�e;>@ÕBD; @df|=�G>MZFHNP;�? ¬ ORcD@BDORQDQDORQD@�I_`PO_FH@�I_c7M§fj?y;,BD;*?�I>^RI_�_;.cDQ QDOR=�l>OR=�=�;>Q3AXIKQjM0?JIKF
Mi

Ñ
i
?�;>ceM^_I_`PORNPF

0, 1, 2, 3, 4
ORc

6
ÒL�= * v % N�QDORQyËAf]IK�£MZ� N\`hBD;>@)FHO_MLIKMHN\O_QA@C¢jcDN�`\;,l>ORQD@Z;8FZ^[;YQ[MB? u ;>@0?A`PcA@DC.?�;>MHN�MH;Y@�EoBD;l>;>@EFHO_MLIKMHNPORQD@*@ZORQ[MZ� ;Y`P`\;>@,BD;Y@*BD;>=�N\@>ËyMHN\;8FH@>Ëh¢[cJIÌFZMH@*ORc�@ZN��eN\©>=�;>@*BD;�MHORceF,ORc`�� NPBA;>Q[MHNPMHG�? ¬ ORcD@0IK?D?�;>`\`\;8FHORQD@0l>;>@)M§f|?�;>@

R2

Ë
R3

Ë
R4

Ë
R6

O_c]°ANP;YQ
R0

�vGF0°J@Z;8FZ^[;>bIK`\O_FH@<@>� N\`j;8�eN\@dMH;_ËX;>QjMZFH;�`\;>@�=�I_N\`P`\;>@�BD; l>;>@�IK�e;>@>ËKBD;>@hFHO_MLIKMHNPORQD@<lYORQD@Z;8FZ�^_I_Q[M0`P;,BA;>@Z@ZN\Q SH>, v % � N\`�f ;>Q IeË<By�«I_QD�R`P;o=�N\QDNP=¨I_`EV<IHa��£MHORceFYË<QDORcD@xBAO_QAQDORQD@x® lY;¨M§f|?�;Õ`P;ÕQAO_=
MiRj

Ñ
j
?�;>ceM)^RI_`PORNPF

0, 2, 3, 4
O_c

6
ÒL�

T



v % � N\` Qy� f ;>Q ?�IK@>Ë�`P;�QDOR= ;>@dM,;8�DI_l8MH;>=�;YQ[M
Mj

@HI_cD¤ª?�ORceF
M0

¢jcD;�QDORcD@*IK?D�?�;>`\ORQD@ ?JIKFH¤¥O_N\@
M0g

Ñ�`\;�YG8FHOx=¨IKFL¢[cA;�`£� IK°A@Z;YQDl>;*By� cAQ]IÌ�e;�BD;*@df|=�G>MZFHNP;�;>M�`P;
g
=¨IKFL¢[cA;E`�I~?DFHGY@Z;>QDlY;*By� cDQ]�R`\NP@Z@HI_�R;~ÒLËD;>M�?�ORceF

M1

¢jcDN�@Z;*BDG>lY`PN\QD;*;>Q
M1g

H * O_c
M1

ËA@Z;Y`PORQ]`�Ix?AFHG>@Z;>QAl>;*B�� cDQ7�R`\NP@Z@HI_�R;,ORc]QAO_Q��u ;EMLIK°A`\;YI_c7@ZcDNP^_I_Q[M)FH;8?AFH;>QDB7l>;>M CxI_`P�RO_FHNPMHUD=�;�EoBD;EFH;Yl>ORQDQAI_N\@Z@HI_QDl>;R�

M0

M1

R2

R3

R0

R6

M3

M4

R4

M6

M2

M0R2

M1R2

M2R2

M2R4

M3R3

M1g

& ;�@ZlLUDGY=�I]=�ORQ[MZFH;�lYO_=�=�;>QjM,`\;>@EMZFLI_=�;>@*BD;Y@�V ;Õ¤�I_=�N\`\`P;Y@*@>� ;>=.°�O:9PMH;YQ[M,`\;>@,cDQD@BJIKQA@�`P;Y@�I_ceMZFH;>@x;>M�¢jcD;Y`P`\;o;Y@dM�`�I ¤¥O_FH=�;�BD;o`\;>ceF�?JIKFLI_`P`\G>`\OR�_FLIK=�=�;]BD;o°JI_@Z;�Ñ£¢jcD;>`P�� , lYORQA¢jcD;_ËA`\OR@HI_QD�R;_ËDFH;Yl8MLI_QD�R`P;*lXIÌFZFHGRËDBAO_cD°A`P;*MZFHN�I_QD�R`P;,GY¢jcDN\`\IKMHG>FLIK`¥ÒL�u IÔFH;>l>ORQDQJIKN\@Z@HI_QDl>; ;>M]`P; lY`\I_@Z@Z;Y=�;YQ[M7BD; l>;Y@ V ;�M§f|?�;Y@�BD;g?JIY^_I_�R;>@�Q�� ;Y@dM�?JI_@BAN��¨l>N\`\;,@ZN�ORQ]@Z;*?�OR@Z;,`P;Y@�°�ORQDQD;Y@0¢jcD;Y@dMHNPORQD@C¢jcD;E^[ORNPlYN SV_� È0;>?�G8FH;>F�BA;>ce� C�?A`PcA@y?y;8MHNPMH;>@�E CªMZFLI_QD@Z`�IKMHNPORQD@hN\QDBDG>?�;>QDBJIKQjMH;>@ E�¢jcDNR`\;}l>ORQD@Z;8FZ^[;YQ[MY�¬ O_MH;�S�zE;7MZFH©>@¨QDOR=.°DFH;>cD� l>ORce?J`P;Y@¨BD;7MZFLI_QD@Z`�IKMHNPORQD@Õ@ZORQ[M�IKN\QD@ZN)FH;>?�G8FLIK°A`\;>@Õ;8M�>* ?�ORceFZFLI_N\;>Q[M0�>MZFH;E?DFHOR=~cD@CI_c�FLI_QD�¨BD; C.MZFLI_QD@Z`�IKMHNPORQD@0BD;E°�IK@Z; E_�T|� È0;>?�G8FH;>F0`P;Y@0IK�|;Y@)BA;*@dfe=�G8MZFHN\;¨Ñ�ORc]BD;,�_`\N\@Z@HIK�R;Y@ ÒL�
�|� È0;>?�G8FH;>F¨`\;>@¨lY;>Q[MZFH;Y@�BD; @df|=�G>MZFHNP;7ORc�BD;]FHO_MLIKMHNPORQy� % � NP`)f I BDGdad®�BD;Y@ÕIK�|;Y@�BD;@dfe=�G8MZFHN\;_ËDQD;E?A`PcA@�FH;>lLUA;8FHlLUA;>,¢jcD;El>;Yce��¢[cANy@ZO_QjM);>QjMZFH;E`\;>@)=¨IKN\`\`P;Y@�BD;*l>;Y@)IK�e;>@>�
� � ¦§@ZOR`\;8FCcDQ]=�O_MHNP¤�=�NPQDN\=¨I_`�BAc�?�I>^RI_�_;R�* , W|� zEG>MH;8FH=�N\QD;8F0`\;*�_FHORce?�;,BD;>@0NP@ZOR=�G8MZFHN\;>@C¢jcDN�`\I_N\@Z@Z;>Q[MC`\;E?�I>^RI_�_;,NPQj^_IKFHN\I_Q[MY�

�



� � -��¨t�-��

Ó cA@Z@ZNb°AN\;>Q `\;�MHORceFHN\@dMH;o^eN\@ZN�MLI_Q[M¨`£� Ó `\UAI_=.°DFLI ®��CFH;>QJIKBA;7¢jcD;�`£�«IÌFZMHN\@HI_Q ?JIY^[;>ceF;Y@dMol>ORQDBAcDN�M]® @>� NPQjMHG8FH;>@Z@Z;>F]IKcD� ¯A�RceFH;>@¨?J`\I_QD;Y@o® =�O_MHN\¤ @>Ë FHG8?�G>MHG>;>@¨FHG>�RcD`\N\©8FH;>=�;YQ[M;>Mol>ORce^|FLI_Q[MoMHORceMo`\; ?A`�I_Qy� k Q{¤�IKNPMYË `P;Y@o=�O_MHN\¤ @Õ?�;Yce^[;>Q[Mo^RIÌFHN\;8F]® `�� NPQD¯AQDN�=¨I_NP@�NP`*>* Q�� f I¨¢jcy� cDQ QDOR=.°DFH;.¯AQDNhBA;.¤¥I:AYO_QA@CBD;.`\;>@0FH;>?DFHO|BDcDNPFH;��A?DFHGYl>N\@ZG>=�;>QjM~V ;�¤¥I:AYO_QA@>� u ;°JceMÕBD;7lY;]?JIKFLIK�_FLIK?AUD; ;>@dMÕBD;7BDORQDQD;8FÕ`£�«IÌ�eN\OR=�IKMHN\@HIKMHNPORQ�BD; l>;Y@ C =�O_MHNP¤¥@�FHG8?yG8MHG>@FHGY�RcD`PN\©8FH;Y=�;>Q[M E �
( ORceF�@ZNP=�?A`\NP¯A;8F�QAO_cA@}@Zce?A?�OR@Z;8FHORQD@�By�«IÌ°yOKFHB¨¢jcD;)`P;�?JIY^[;>cDFªBDG>?A`�IKlY;)@HI�MHcDN\`\;�=¨I_NP@@HI_QD@C`\IxFH;8MHORceFHQA;8FYËAORc];YQDl>O_FH;,¢jcD;,@Z;>@)MHcDN\`P;Y@)@ZORQ[MCBDG>lYO_FHG>;>@)B�� cDQ7@Z;YcD`�l>¡_MHGR��>, % O_NPM

E
`P;.?A`�I_Q ;YcDl>`\N\BDNP;YQyË

P ⊂ E
`\I¨?JIKFZMHN\;,FH;>?DFHG>@Z;YQ[MLI_Q[ME`\;.?JIY^[G.M§f|?�;���N\`<¤�IKcDM;>�|?DFHNP=�;>F�¢[cA;

P
;8M�@Z;>@xBDG>?A`\I_lYG>@~FH;>=�?A`\N\@Z@Z;>Q[M�MHORceMx`\;Õ?A`�I_Q ;8Mx@HI_QD@xMZFHORcyË�lY;o@Z;8FLI`£�«IÌ�eN\OR=�;���(ÊT.lYN�� BD;Y@Z@ZORcD@>�
	 IKN\@�NP`y;>@dM�N\QD@Zc �¨@HI_Q[M)?�ORceF)Qy� O_°DMH;YQDNPF)¢jcD;EBD;Y@ ?�I>^RI_�_;Y@lYOR=�=�; lY;>ce��BA; `£� Ó `\UAI_=.°DFLIe� k Q{;8�y;8MoNP`C;8�eN\@dMH; BA;>@¨?JIY^RIK�R;Y@ C QDORQÊFHG>�RcD`\NP;>FH@ EBAc{?A`�IKQ�� % N�`�� ORQ{^[;>ceM�BD;Y@Õ?JIY^RIK�R;Y@ C FHG>�RcD`\NP;>FH@ E N\`�¤¥I_ceM�N\Q[MZFHO|BDcDNPFH;gcDQ{�_FHORce?�;� * B�� N\@ZOR=�G>MZFHNP;Y@0BD;

E,
l_� ;>@dM0`£�«IÌ�eN\OR=�;���(ÇV*l>NP� BD;Y@Z@ZO_cA@>�

� ��}�<� �Ì���������
E ����������� �"!#�$���&%'�)(+*#(,���
- P ���.�/���$%.0#12�&!3%'��%.0#�&� �543�6*3� E, *87 (9���;:'<= (,��� = o
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;



�
	��� � v�T~MZFLI_QD@Z`�IÌMHN\ORQD@>Ë<VEFHOKMLIKMHN\ORQ]By�«IKQA�_`\;
2π/3.

�
	��  W.v�T~MZFLIKQA@Z`\IKMHN\O_QA@>ËhVEFHO_MLIKMHNPORQ]B�� I_QD�R`\;
2π/4 = π/2.

�
	��  �.v�T~MZFLIKQA@Z`\IKMHN\O_QA@>ËhVEFHO_MLIKMHNPORQ]B�� I_QD�R`\;
2π/6 = π/3.

�



1/α 1/β 1/γlYI_@)¦ V I � V I � V I �lXIK@0¦Z¦ V I � V I � V I_TlYI_@0¦Z¦Z¦ V I � V I � V I_T
�����  VEv�É I_`P;YceFH@)?�OR@Z@ZN�°A`\;>@CBD;>@�MZFHNP?A`\;8MH@

(α, β, γ)

% Ny=¨I_NPQjMH;>QAI_Q[MYËAORQ]G>MHcDBDN\;*`P;,=��Y=�;E?DFHO_°A`\©>=�;,=¨I_NP@0;>Q�FH;Y=�?A`\I:AXIKQjM0¦§@ +(E)
?JIKF¦§@

(E),
l_� ;>@dMZ� ®K� BDNPFH;�¢jcD;~`P;x=�OKMHN\¤ªBDORN�ME�8MZFH;~BAG>l>O_FHG~@ZceF*@Z;>@�BD;Yce� ¤¥I_lY;>@>Ë�`�� G8MHcDBA;.?DFHG>�lYG>BD;YQ[MH;¨FH;Y@dMH;¨^_I_`�IÌ°J`P;Õ=¨I_N\@x`\I7FH;>l UD;8FHl UD;oBD;

G
;Y@dMxcDQ ?�;Yc ?J`PcD@xl>OR=�?A`\N\¢jcDGY;_��FCQMZFHORce^[;,BDORcD>;,�_FHORce?�;Y@)@Zce?D?A`\G>=�;>QjMLIKNPFH;>@>�+-H *

. �	� � !$# �$��# ����!$#�
z,IKQA@)`P;Y@)BD;Y@Z@ZNPQA@C¢jcDNy@ZcAN�^[;>QjMYËAORQ7I¨I_BDO_?DMHG*`\;>@)lYO_Qj^R;YQ[MHN\O_QA@0@ZcDNP^_I_Q[MH;>@,Sv{zEORce°A`\;EMZFLI_NPM)?�ORceF0`£� IK�e;*By� cDQD;*FHG	�A;8�eN\ORQyËv�:�NPFH;8M�?yO_cDF0`£� IK�e;*B�� cDQA;,@df|=�G>MZFHNP;,�_`\N\@Z@ZG>;ÕÑ��R`PN\@Z@HI_�R;ÌÒLËv u OR@HI_QD�R;E?yO_cDF)FH;>?DFHG>@Z;YQ[MH;8F0`\;*lY;>Q[MZFH;,By� cAQD;*FHO_MLIÌMHN\ORQ]By� O_FHBeFH;.T|Ë+ � , v�:hFHN\I_QD�R`\;E?�ORceF0FH;8?DFHGY@Z;>Q[MH;>F0`P;,l>;YQ[MZFH;*By� cDQD;*FHO_MLIKMHN\O_Q7By� O_FHBeFH; �|ËvG&bIKFZFHGE?�ORceF)FH;>?DFHG>@Z;YQ[MH;8F0`\;,l>;YQ[MZFH;*By� cDQD;*FHO_MLIKMHNPORQ]By� O_FHBeFH; � Ëv�
�;8�DI_�RORQD;E?�ORceF)FH;8?DFHGY@Z;>Q[MH;>F0`\;*lY;>Q[MZFH;,By� cDQD;*FHO_MLIKMHNPORQ]By� O_FHBeFH; �|�

. �/. � !��"� ����!$#�
u ;>@~�_FHORce?�;>@xBA;ÕlLUAIR¢jcD;Õ?JIY^_I_�R;o@ZORQ[MxBDGYl8FHNPMH@.?JIKF�`P;YceFx�RG>QAG8FLIKMH;>ceFx@ZcDNP^_I_Q[M�cAQ+ �>* @dfe@dMH©Y=�;�BD;xQDO_MLIKMHN\O_QgB� ®�� �«:�UjceFH@dMHORQy�B( ORceF�¯A�|;>FE`\;>@EN\BDG>;Y@>Ë�`\;>@�V ;��_FHORce?�;Y@EI_Be�=�N\@Z@ZN�°J`P;Y@0@ZORQ[MC`\;>@0@ZcDN�^RI_Q[MH@*S

ODËJTRTRTRT|Ë����RËD�|��Ë��KTRTRT_T|Ë�TRT��[Ë�TRTÌ��Ëe���[Ë�T��KTRT
� � T|Ë�� � � T|Ë � �KT|Ë � � �|Ë�� � � �|Ë ��� �|Ë�� �RT|Ë�� � �RT

v � Q];YQ[MHNP;>F
n
NPQABDN\¢jcD;,`\I�?DFHG>@Z;YQDl>;,By� cDQD;*FHO_MLIKMHNPORQ]By�«I_QD�R`P;

2π/n.+ * , v � Q7I_@dMHG8FHN\@H¢jcD;��[ËANPQABDN\¢jcD;,`�Ix?AFHG>@Z;>QAl>;*B�� cDQA;,@df|=�G>MZFHNP;R�v � QD;*l8FHORNP�o��ËAN\QDBDN�¢[cA;,`\Ix?DFHGY@Z;>QDlY;,By� cAQ]�R`\NP@Z@HI_�R;_�
(}IKFC;>�|;Y=�?A`P;RËA`\;,�KFHORce?y; � � Tx;Y@dM0;YQD�R;>QDBeFHGY;*?JIKFCBD;Yce�oFHO_MLIKMHNPORQD@0BDN\@dMHNPQAl8MH;>@CBy� O_FHBeFH;
� ;8M0cDQD;*FHO_MLIKMHNPORQ]By�«I_QD�R`P;

π,
l_� ;>@dMZ� ®K� BDNPFH;,cDQD;*@dfe=�G8MZFHN\;E?yO_QAl8MHcD;Y`P`\;_�

% N�`\;>@~QDOR=.°DFH;>@~^eN\;>QDQD;YQ[MxIK?DFH©Y@~`£� I_@dMHG8FHN\@H¢jcD;_Ë�l>;Y`\I @ZNP�RQDNP¯A;�¢jcD;Õ`P;Y@~l>;YQ[MZFH;>@~BD;Y@+ *>* FHO_MLIKMHN\O_QA@�lYOKFZFH;Y@d?�ORQDBAI_Q[MH;Y@]@ZORQ[M]@ZcDF]`\;>@]`\N\�_QA;>@]BD; @dfe=�G>MZFHNP;R� u ; �_FHO_cD?�;�� � � T IMHORceMH;Y@)@Z;Y@)FHO_MLIKMHNPORQD@)lY;>Q[MZFHGY;>@0@ZceFC`�I�`\NP�RQD;,BD;,@dfe=�G8MZFHN\;_� (�ORceFC`\;,�KFHORce?y; � �KT|ËA@Z;YcD`P;`�I�@dfe=�G8MZFHN\;E?yO_QAl8MHcD;Y`P`\;,I�@ZORQ7l>;>QjMZFH;*@ZceFC`\I�`\NP�RQD;,BA;*@dfe=�G8MZFHN\;_�
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u ;>@hMZFLI_QD@Z¤¥O_FH=�IKMHN\ORQD@ I �¨QD;>@�BDc.?J`\I_Qx¢jcDNjQD; l UAI_QD�R;>Q[M QDNj`�I0¤¥O_FH=�; QANj`P;Y@<=�;Y@ZceFH;>@BA;>@*O_°ead;8MH@E@ZORQ[M.IK?D?�;Y`PGY;>@EN\@ZOR=�G8MZFHN\;>@¨Ñ BDc �_FH;>lxN\@ZO�� =��>=�;
	};>ME=�;8MZFHORQ�� =�;>@ZcDFH;�	�ÒL�

& ;Y@�MZFLI_QD@Z¤¥O_FH=¨IÌMHN\ORQD@0O_QjM0BD;Y@�?DFHO_?DFHN\G8MHG>@0@ZN\=x?J`P;Y@0=¨IKN\@0NP=�?�O_FZMLI_Q[MH;>@,SA`P;YceF+9� * v u ;YceF0;>QA@Z;>=.°A`\;,¤ O_FH=�;*cDQ7�_FHORce?�;*?�ORceF0`�I�`PORN�BA;*l>OR=�?�OR@ZNPMHNPORQyËvÊMHORceMH;>@,`\;>@.N\@ZO_=�G>MZFHNP;Y@.BDc�?A`�IKQÔ@ZORQ[M.BA; � M§f|?�;>@¨S�MZFLI_QD@Z`�IKMHNPORQyË�FHG	�A;8�eN\ORQyË�FHO_�MLIKMHNPORQyËh�R`PN\@Z@HI_�R;_��& ;8MZMH;¨BD;8FHQDN\©8FH;�MZFLI_QD@Z¤¥O_FH=¨IÌMHN\ORQ ;>@dM~cDQD;�MZFLI_QD@Z`�IÌMHN\ORQ @ZcDNP^eNP;ORc ?DFHGYl>G>BAG>;~By� cDQD;.FHG	�A;8�eN\ORQ By�«IK�e;.?JIKFLI_`P`\©>`\;xI_c ^[;Yl8MH;>cDF�BD;.MZFLI_QD@Z`�IÌMHN\ORQy��F�Q`£� IK?D?�;Y`P`\;)I_cD@Z@ZN C)^eN\@Z@HI_�_;�E_� u ;)BD;>=�NP�£MHO_cDFª;Y@dM�IÌ?A?�;>`\G)I_cD@Z@ZND@dfe=�G8MZFHN\;�lY;>Q[MZFLI_`\;_�+ S , v u ICl>OR=�?�OR@ZG>; BD; BA;>ce�.@df|=�G>MZFHNP;Y@�IK�eN\I_`\;>@�;Y@dM�cAQD;�MZFLI_QD@Z`\IKMHN\ORQ~ORc~cDQD;�FHO_MLIKMHNPORQy�v � QD;�@dfe=�G8MZFHN\; IK�eN\I_`\;�lLUJIKQA�_; `£� OKFHN\;>QjMLIÌMHN\ORQ.BD;Y@<lY;8FHl>`\;>@>� FCQ~BDNPM ¢jcD;�`�I0@dfe=�G>MZFHNP;IK�eN\I_`\;*;>@dM0cAQD;*N\@ZOR=�G>MZFHNP;,N\QDBDNPFH;>l>MH;¨Ñ�ORc7I_Q[MHNP� BDG8?J`\I_l>;Y=�;>Q[M8ÒL�v � QD; lYO_=�?�OR@ZGY; BD; BA;>ce��@df|=�G>MZFHNP;Y@oIK�|N�I_`P;Y@ÕQD; l UAI_QD�R; BDORQDl ?JI_@Õ`£� O_FHN\;>Q[MLIK�MHN\O_Q S|`\;>@bMZFLIKQA@Z`\IKMHN\O_QA@b;8M�`P;Y@�FHO_MLIKMHN\O_QA@bl>ORQD@Z;>FZ^R;YQ[M�BDORQDl�`£� OKFHN\;>QjMLIÌMHN\ORQ Ñ�O_Q�`P;Y@+ S * IK?D?�;Y`P`\;oNP@ZOR=�G8MZFHN\;>@�BDNPFH;>l8MH;Y@~ORc BDG8?J`\I_l>;Y=�;>Q[MH@ ÒL�$FCQ QAOKMH;�¦§@
+(E)

`\;o�_FHORce?�;BD;Y@�NP@ZOR=�G8MZFHN\;>@�BDNPFH;>l>MH;>@�BDc ?A`\I_Q ;>ME¦§@
(E)

`\;~�_FHORce?�;~BD;Y@�N\@ZOR=�G>MZFHNP;Y@�BDc ?A`�I_Q;>cAl>`\NPBDN\;>Q
E.v u ;Y@�l>OR=�?�OR@ZG>;Y@�BD; FHO_MLIÌMHN\ORQD@�;>M IXORc~BD; MZFLI_QD@Z`\IKMHN\ORQD@ GY¢jcDNP^_I_`P;YQ[M}®CcDQD;b@Z;>cD`\; FHO_�MLIKMHNPORQ�ORc�MZFLIKQA@Z`\IKMHN\O_Qt�DcAQD;*l>OR=�?�OR@ZG>;EBD;,¢jcAIKMZFH;E@dfe=�G8MZFHN\;>@0IÌ�eN�I_`P;Y@�GY¢jcDNP^_I_ceM+9�>, BDORQDl]®gcDQD;�l>OR=�?�OR@ZG>;�BA;�BD;>ce�Ô@Z;YcD`P;Y=�;>Q[MY� � QD;�lYO_=�?�OR@ZGY;oBD;oMZFHORN\@x@dfe=�G8�MZFHN\;>@�IK�eN\I_`\;>@ªl UAI_QD�R;)`£� OKFHN\;>QjMLIÌMHN\ORQ¨;8M�GY¢jcDNP^_I_ceM ®*`\I,l>OR=�?�OR@ZG>;0By� cDQD;0@dfe=�G>MZFHNP;IK�eN\I_`\;.;8MCB�� cDQA;,MZFLI_QD@Z`�IKMHNPORQ BD;,^[;>l>MH;>ceF C~?JIKFLI_`\`P©Y`P; E]®¨`£� IK�e;.BD;~`\I¨@dfe=�G>MZFHNP;Ñ�l_� ;>@dM0cDQ7�R`PN\@Z@HI_�_;xÒL�v� NPQJIK`\;>=�;YQ[M*SD`P;Y@b@dfe=�G8MZFHN\;>@0IK�|N�I_`P;Y@�C,;YQD�R;>QDBeFH;YQ[M�E�MHORceMH;>@�`\;>@�N\@ZOR=�G8MZFHN\;>@�BAc+9� * ?A`�I_Qy�v � QD;ÕN\@ZOR=�G8MZFHN\;oBDcÔ?J`\I_Q ;YcDl>`\NPBANP;YQ ;>@dM�;>Q[MHN\©8FH;Y=�;YQ[MxBAG8MH;8FH=�N\QDG>;Õ?JIKF�`�I BDORQe�QDGY;*BD;,`�� NP=¨I_�R;,BD;*BA;>ce�o?�ORN\Q[MH@)BANP@dMHN\QDl8MH@>� % ORN�M

a, b, a′, b′,
MH;>`\@0¢[cA;

‖
−−−→
a − b‖ =

‖
−−−−→
a′ − b′‖.

% Nb`£� N\@ZOR=�G8MZFHN\;�l UD;8FHl UDG>;�;Y@dM�cDQA;oMZFLIKQA@Z`\IKMHN\O_Q I_`\OKFH@�`P;o^[;>l>MH;>ceF�;Y@dM¤¥OKFHlYG>=�;>QjM −→
aa′.

% N}lR� ;Y@dM*cDQD;�FHO_MLIKMHNPORQyË�`P;�lY;>Q[MZFH;�;>Q ;>@dM,QDGYl>;Y@Z@HIKNPFH;>=�;YQ[M,`£� N\Qe�+ �>, MH;8FH@Z;Yl8MHN\ORQ�BD;Y@)=�GYBDN\IKMZFHN\l>;Y@)BD;
[a, a′]

;8M
[b, b′].
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